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Linear NMR in the polar phase of 3He in aerogel
V. V. Zavjalov1),
Low Temperature Laboratory, Department of Applied Physics, Aalto University, PO Box 15100, FI-00076 AALTO, Finland
3He is an example of the system with non-trivial Cooper paring. A few different superfluid phases are
known in this system. Recently the new one, the polar phase, have been observed in 3He confined in nemati-
cally ordered aerogel. A number of various topological defects including half-quantum vortices can exist the
polar phase. In this work we present theoretical and numerical studies of linear NMR in the polar phase both
in the uniform order-parameter texture and in the presence of half-quantum vortices.
Introduction
The polar phase of 3He in nematically ordered aero-
gel has been predicted in [1] and found experimentally
in [2]. In this system a new topological defect, a half-
quantum vortex can exist. Half-quantum vortices have
been originally predicted for A-phase in [3] but have not
been observed in experiments. This is because of ener-
getically unfavorable solitons which should always con-
nect half-quantum vortex pairs in the A-phase. In the
polar phase of 3He in aerogel there are no such solitons
if the magnetic field is parallel to aerogel strands. Also
vortices in the polar phase are strongly pinned and can-
not move when the field is tilted and solitons appear.
In our experimental work [4] vortices were created by
rotating the 3He sample. Then the field was tilted and
spin waves localized in solitons were observed by NMR.
In this paper we develop a theory for textures, topologi-
cal defects and spin dynamics in the polar phase of 3He.
We also do numerical simulations of spin waves in the
presence of half-quantum vortices.
Order-parameter and energies
We are studying the polar phase of 3He in nemati-
cally ordered aerogel. The order parameter in this sys-
tem ([5]) is
Aaj =
1√
3
∆ eiϕdalj , (1)
where ϕ is the phase, and d and l are unit vectors in
spin and orbital spaces respectively. The orbital unit
vector l is directed along the aerogel strands and can
not move.
There are three components of the Hamiltonian
which are important for spin dynamics: magnetic en-
ergy, energy of spin-orbit interaction and gradient en-
ergy:
H = FM + FSO + F∇, (2)
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FM = −(S · γH) + γ
2
2
χ−1ab SaSb, (3)
FSO = 3gD
[
A∗jjAkk +A
∗
jkAkj −
2
3
A∗jkAjk
]
, (4)
F∇ =
3
2
[
K1(∇jA∗ak)(∇jAak) (5)
+ K2(∇jA∗ak)(∇kAaj) +K3(∇jA∗aj)(∇kAak)
]
,
where S is spin and H is the magnetic field. Suscepti-
bility χab is anisotropic, the axis of anisotropy is d and
minimum of the magnetic energy corresponds to S ⊥ d.
This can be written as
χ−1ab =
1
χ⊥
(δab + δ dadb), δ = (χ⊥ − χ‖)/χ‖ > 0. (6)
Substituting the order parameter (1) into energies
and using the fact that l is uniform we have
FM = −(S · γH) + γ
2
2χ⊥
[
S2 + δ (d · S)2] , (7)
FSO = 2∆
2gD
[
(d · l)2 − 1
3
]
, (8)
F∇ =
∆2
2
Kjk [(∇jϕ)(∇kϕ) + (∇jda)(∇kda)], (9)
where symmetric matrix Kjk = K1δjk + (K2 +K3)lj lk
is introduced. Motion of the phase ϕ (sound) is not cou-
pled with the motion of d (spin waves). In spin dynam-
ics terms with the phase gradients give only a constant
contribution to the energy and can be skipped.
Equilibrium texture
Let’s first study the static picture. In the equilib-
rium ∂H/∂Sa = 0. This means
S0 + δ (d0 · S0) d0 = χ⊥
γ
H, (10)
where S0 and d0 are equilibrium values of S and d. Mul-
tiplying this by d0 we can find (d0 ·S0) = χ‖/γ (d0 ·H).
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then substituting it back to (10) we find the value for
the spin in the equilibrium:
γS0a =
[
χ⊥δab − (χ⊥ − χ‖)d0ad0b
]
Hb = χabHb (11)
For calculation of the equilibrium distribution (tex-
ture) of the d vector we will use a coordinate system
where H ‖ zˆ and l is in zˆ − yˆ plane (See Fig.1). This
can be written as
H = zˆH, l = yˆ sinµ+ zˆ cosµ, (12)
d0 = (xˆ cosα+ yˆ sinα) sinβ + zˆ cosβ.
Here µ is angle between l and magnetic field, it is set by
the experimental setup because direction of l is deter-
mined by aerogel; β is angle between d0 and the field;
α is azimuthal angle of d in the plane, perpendicular
to the magnetic field, it is counted from the line, per-
pendicular to both H and l which corresponds to the
minimum of energy.
z
β
x
α
l
d
0
H
µ
y
Fig. 1. Angles, used in the texture calculations
The energies (7)-(9) (without constant terms) are:
FM =
1
2
(χ⊥ − χ‖)H2 cos2 β, (13)
FSO = 2gD∆
2 (sinα sinβ sinµ+ cosβ cosµ)2, (14)
F∇ =
∆2
2
Kjk [sin
2 β(∇jα)(∇kα) + (∇jβ)(∇kβ)] (15)
There are two scales introduced by these energies.
Ratio of magnetic and gradient energies gives the mag-
netic length ξH and ratio of spin-orbit and gradient en-
ergies gives the dipolar length ξD. Since the gradient
energy is anisotropic, we have different values in direc-
tions perpendicular and parallel to the l vector:
ξ2Hjk =
Kjk∆
2
H2(χ⊥ − χ‖)
, ξ2Djk =
Kjk
4gD
(16)
In the high-field limit ξD ≫ ξH . Magnetic energy is
in the minimum everywhere excluding small regions of
the ξH size (for example cores of spin vortices). The
small volume of this regions makes them invisible in
NMR experiments. In the rest of the volume β = pi/2,
only variations of α are important and the energy is:
H = 1
2
Kjk∆
2 (∇jα)(∇kα) + 2gD∆2 sin2 α sin2 µ (17)
The equilibrium state corresponds to the mini-
mum: δH/δα = 0. Since the energy depends on the
gradient we have to use variational derivative
δH
δα
=
∂H
∂α
−∇j ∂H
∂∇jα. (18)
Using this for energy (17) we have a simple equation for
the distribution of α:
ξ¯2jk ∇j∇kα =
1
2
sin 2α, (19)
where ξ¯jk =
ξDjk
sinµ
.
One can see that in the case of H ‖ l (or µ = 0) there is
no length scale in this problem. d can freely move in the
plane perpendicular to the field and only the gradient
term is important. Tilting the magnetic field from the l
direction makes the length ξ¯ finite. At H ⊥ l the length
scale reaches its minimum value, ξD.
Textural defects
Equation (19) shows that in a tilted magnetic field
there are two possible uniform textures with α = 0
and α = pi. Vector d is oriented perpendicularly to
both H and l and can point in two possible directions.
Between this two states there is a d-soliton. One can
also imagine a spin vortex in which vector d rotates
by 2pi around the vortex line. Two d-solitons should
end at this vortex. Looking at the order parameter
formula (1) one can see that there can be also a half-
quantum vortex, in which both vector d and phase φ
rotate by pi around the vortex line. This is possible
because Aαj(d, φ) = Aαj(−d, φ+pi). In the tilted mag-
netic field one d-soliton should end at the half-quantum
vortex. On Fig. 2 two types of vortices are shown.
The form of the single d-soliton can be found ana-
lytically. In this one-dimentional problem equation (19)
has a form of static sine-Gordon equation:
ξ¯2 α′′(x) =
1
2
sin 2α(x), (20)
where x is a coordinate perpendicular to the soliton.
Here the value of ξ¯ depends on the soliton orientation:
if x coordinate goes perpendicular or parallel to l, it
should be ξ¯⊥ or ξ¯‖ respectively.
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Spin vortexHalf-quantum vortex
d rotates by pi,
φ changes by pi φ is uniform
d rotates by 2pi,
d-soliton
φ = 0→ pi
Fig. 2. The half-quantum vortex and the spin vortex in
the polar phase of 3He. Vector l is perpendicular to the
picture plane. Angle α = 0 is changing by pi between
upper and lower parts of the picture. This can be done
via either a d-soliton or a pi jump in the phase (which
is shown by color gradient).
The analytical solution can be obtained by multi-
plying the equation by a′ and integrating with proper
boundary conditions. Then for a single soliton with
sinα(±∞) = 0 and α′(±∞) = 0 we have
ξ¯2 (α′)2 = sin2 α, (21)
and then for the soliton located at x = 0:
α(x) = 2 arctan
(
exp(x/ξ¯)
)
(22)
In the 2D case with isotropic ξD (which takes place
when the texture is uniform along l-direction) the sine-
Gordon equation has analytic solutions for a number
of configurations with spin vortices and solitons [6, 7].
This includes, in particular, the kink on soliton, which
represents the one-quantum (2pi) spin vortex with two
d-solitons being on the opposite sides of it (see right
part of Fig. 2). The linear chain of the alternating 2pi
and −2pi vortices has also analytic solution. The config-
uration with two solitons crossing each other may also
represent the spin vortex, if each soliton has a kink and
the positions of two kinks coincide. This is 4pi spin vor-
tex, from which four d-solitons emerge. Such analytic
solutions do not take into account the pinning of vor-
tices which exists in the real system.
Spin dynamics
To study spin dynamics we write Hamilton equations
using Poisson brackets. Motion of any value A in this
approach is given by A˙ = {H, A}. Choice of coordinates
is quite arbitrary as far as we know Poisson brackets for
them. Brackets can be found from microscopic consid-
erations, from commutation rules in quantum mechanic,
or from symmetry [8]. For spin S and a vector d in the
spin space the Poisson brackets are
{Sa, Sb} = −eabcSc, {da, db} = 0, (23)
{da, Sb} = {Sa, db} = −eabcdc,
and equations of motion:
S˙a = {H, Sa} = δH
δSb
{Sb, Sa}+ δH
δdb
{db, Sa} (24)
=
δH
δS
× S+ δH
δd
× d,
d˙a = {H, da} = δH
δSb
{Sb, da}+ δH
δdb
{db, da} (25)
=
δH
δS
× d.
Using these equations one can show that d
dt
(d · S) = 0
and thus the value (d · S) is an integral of motion.
Derivatives of the Hamiltonian are:
δH
δSa
= −γHa + γ
2
χ⊥
[Sa + δ (d · S)da] , (26)
δH
δda
=
δ γ2
χ⊥
(d · S)Sa (27)
+ 4gD∆
2 (d · l)la −Kjk∆2 (∇j∇kda).
Substituting (26), (27), and (23) into equations (24-25)
one has:
S˙ = [S× γH] (28)
+ 4gD∆
2 (d · l)[l× d]−Kjk∆2 [∇j∇kd× d],
d˙ = γ
[
d×
(
H− γ
χ⊥
S
)]
. (29)
Note that the anisotropy of susceptibility does not affect
spin dynamics.
Linearized dynamics
Consider small oscillations near the equilibrium:
S = S0 + δS(t), d = d0 + δd(t) (30)
Linearize equations, differentiate the first one and
exclude δd. The result can be written as:
δS¨a = [δS˙× γH]a + Λab δSb, (31)
where we introduce
Λab = Ω
2
P
[
(d0 · l)2δab − [l× d0]a[l× d0]b − (d0 · l)d0alb
]
+ c2jk
[
(δab − d0ad0b)∇j∇k − 2d0b(∇jd0a)∇k
+ d0a(∇j∇kd0b)− d0b(∇j∇kd0a)
]
, (32)
Ω2P = 4gD
∆2γ2
χ⊥
, c2jk = Kjk
∆2γ2
χ⊥
= Ω2P ξ
2
Djk, (33)
and use the fact that cjk = ckj . Here ΩP is analog of
Leggett frequency, it determines NMR frequency shifts
4 V. V. Zavjalov
caused by spin-orbit interaction and cjk is anisotropic
spin-wave velocity.
Consider H ‖ zˆ and look for a harmonic solution
δS = s exp(iωt). Then the equation can be written as
−ω2sx = Λxb sb + iωLω sy, (34)
−ω2sy = Λyb sb − iωLω sx,
−ω2sz = Λzb sb
In high field (comparing with dipolar and gradient
effects) motion of the spin is close to a Larmor preces-
sion with frequency ω ≈ ωL = γH and Λ ≪ ω2L. One
can separate equations by putting sy from the second
equation to the first one and vise versa and neglecting
small terms. We get the same equations for sx and sy.
This can be written as a single equation for a complex
coordinate s+ = (sx + isy)/
√
2:
(ω2L − ω2)s+ = i(Λxy − Λyx)s+ + (Λxx + Λyy)s+ (35)
In high field d0 is perpendicular to the field and we
can use angles (12) with βn = pi/2. Then
Λxx + Λyy = Ω
2
P
[
(1 + sin2 α) sin2 µ− 1]+ c2jk ∇j∇k
Λxy − Λyx = −1
2
Ω2P sin 2α sin
2 µ (36)
+ 2c2jk
[
(∇j∇kα) + (∇jα)∇k
]
.
Substituting this into (35) and using (19) we have
(ω2 − ω2L)s+ = Ω2P
{
cos2 µ− sin2 α sin2 µ
}
s+ (37)
−c2jk
{
∇j∇k + i
[
(∇j∇kα) + 2(∇jα)∇k
]}
s+.
One can rewrite the equation in the form:
(ω2 − ω2L)s+ = Ω2P
{
cos2 µ− sin2 α sin2 µ
}
s+ (38)
− c2jk
{
−
(∇
i
+∇α
)2
jk
+ (∇α)2jk
}
s+.
where we use notation (X)2jk = XjXk. This is simi-
lar to the equation of motion of a charged particle in
a magnetic field with a vector potential A = ∇α. The
magnetic field ∇ × A is zero everywhere except half-
quantum vortex cores but it affects the motion of the
spin wave because of Aharonov-Bohm effect [9]. This
effect for half-quantum vortices in 3He-A is discussed
in [10]. NMR and spin dynamics of half-quantum vor-
tices He-A are calculated in [11].
For numerical calculations it is useful to make a sub-
stitution s¯+ = s+ exp(iα). Then the equation for s¯+
contains no imaginary terms:
(ω2 − ω2L)s¯+ = Ω2P
{
cos2 µ− sin2 α sin2 µ
}
s¯+ (39)
− c2jk
{
∇j∇k + (∇jα)(∇kα)
}
s¯+,
The inverse transformation is needed if one need to cal-
culate the actual distribution of magnetization.
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Fig. 3. An example of the calculated texture and the
spin wave in 1D soliton structures. Black curves cor-
respond to a single soliton, blue and purple ones cor-
respond to periodic structures with same and alternat-
ing soliton orientations and periods D = 4ξ¯. (a) Tex-
ture, α(x). (b) Potential for a real-value wave s¯+. En-
ergy levels for all three textures are the same, λ = −1.
(c) The real-value wave s¯+. (d) Distribution of the
amplitude and phase of the actual magnetization s+ =
s¯+ exp(−iα). In all three cases the total magnetiza-
tion |
∫
s+ dx| is non-zero.
NMR in the uniform texture and in the
d-soliton
To obtain frequency of the uniform NMR in the uni-
form texture we put α = 0 in (39). Then the frequency
is
ωu =
√
ω2L +Ω
2
P cos
2 µ. (40)
This formula can be used to measure ΩP .
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pi
a b c
Fig. 4. An example of the calculated texture and the spin wave in the soliton between two half-quantum vortices.
(a) The calculation grid made of 4696 cells covers one-forth of the whole area (8 × 8) ξ¯ with two vortices separated
by D = 3.5 ξ¯. Density of the grid is chosen according with gradients of the texture, it is higher near vortices. (b)
Calculated value of α. One can see a smooth rotation by pi in the soliton between vortices and pi jump on the other side
of vortices where phase also changes by pi. (c) The calculated real-value wave s¯+.
To find the spin wave, localized in the single d-soliton
we use (39) and the soliton equation (22) for the distri-
bution of α. This gives us
s¯+ = cosh
−1(x/ξ¯), (41)
where as in (22) the value of ξ¯ depends on the domain
wall orientation. The frequency is
ωs =
√
ω2L +Ω
2
P cos 2µ. (42)
On NMR experiments two peaks are observed, one from
the uniform texture and another from waves localized in
solitons. The difference between peak frequencies is
δω ≈ Ω
2
P
2ω
sin2 µ (43)
Intensity of the soliton peak (for a uniform rf-field) is
proportional to the oscillator strength ([11]), the ratio
IM =
∣∣∫
V
s+
∣∣2∫
V
|s+|2 . (44)
This ratio also connects the total transverse magnetiza-
tion, measured in NMR experiments M⊥ = γ
∫
V
s+ and
energy stored in the wave E = γ2/2χ⊥
∫
V
|s+|2. Ratio
IM has a dimension of volume. For a localized wave it
is approximately equal to the volume occupied by the
wave. In one-dimensional case IM has a dimension of
length; for a single soliton (41) IM = 2ξ¯.
Numerical study of soliton structures
For understanding results of real NMR experiments
it is important to study how various effects can change
the frequency of the wave localized in the soliton. We do
it numerically in one and two-dimentional cases. Using
coordinates in units of ξ¯2 one can write the equation (19)
for the texture as
∇2α = 1
2
sin 2α, (45)
and equation (39) for the real-value waves as:
−∇2 s¯+ + U(x) s¯+ = λ s¯+, (46)
where potential U(x) = −(∇α)2 − sin2 α and
λ =
ω2 − ω2L − Ω2P cos2 µ
Ω2P sin
2 µ
= −ω
2 − ω2u
ω2s − ω2u
. (47)
In the case of a single soliton ω = ωs and λ = −1.
Using the equation (45) we can numerically calcu-
late distribution of α. Then, using equation (46) we
can calculate eigenvalues λ.
First consider a 1D periodic structure of parallel soli-
tons, located at some distance D from each other. Soli-
tons have an orientation (direction of∇α), and two sim-
plest structures which we study are sequences of solitons
with same and alternating orientations.
The solution for this problem is shown on Fig. 3.
Parameter λ for both periodic structures has the same
value −1 as for the single soliton.
Let’s also study an effect of a finite-length soli-
ton. Consider a two-dimensional problem with two
half-quantum vortices parallel to the l vector. Dis-
tance between vortices is D. The same equations (45)
and (46) are solved numerically in 2D space using deal.II
library [12]. The code is available in [13]. An example
of the calculation is presented on Fig. 4.
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Fig. 5. Calculated values of λ and IM/ξ¯L for various
soliton structures. L is the total soliton length.
Near a half-quantum vortex, at a distance much
smaller then ξ¯, the textural angle α ≈ ϕ/2 + const.,
where ϕ is the azimuthal coordinate. One can see that
the potential in (46) is U(x) ≈ (∇α)2 ≈ 1/4r2 (where r
is distance from the vortex core). The real-value wave
s¯+ can not fall into this hole because of Aharonov-Bohm
effect: it should be zero along some radial direction to
allow a smooth s+ distribution. The symmetry rea-
sons tell, that in the case of two vortices with a soliton
the wave is zero on the line connecting vortices outside
them. The corresponding solution of the wave equation
is s¯+ ≈ cos(φ/2 + const.), this kind of discontinuity is
clearly seen on the calculated wave near vortices.
On Fig. 5 calculated values of λ and IM/ξ¯L (L is
the total soliton length) are plotted as a function of
some structure dimension D/ξ¯. There are five struc-
tures which are shown on the upper part of the figure:
a single soliton with a finite length D; A periodic struc-
tures of infinite solitons with the period D and same
or alternating soliton orientations; the combination of
both effects, periodic structures of finite solitons with
equal length and period (this corresponds to a square
lattice of vortices). For large D all curves come to the
values for a single infinite soliton: λ = −1, IM = 2 ξ¯L.
A noticeable deviation of λ from the asymptotic value
appears only at high vortex densities, when the inter-
vortex distance D is comparable with ξ¯.
Conclusion
Theoretical study of the texture and spin dynam-
ics of the polar phase is done. We start with the polar
phase order parameter and the energy with magnetic,
opin-orbit and gradient terms. The order parameter
contains both orbital and spin anisotropy axes. The first
one is fixed by the aerogel strands, and the second can
move in the plane perpendicular to the applied magnetic
field. Thus we have only one variable for the texture, an
angle α. By minimizing the energy we get an equation
for the equilibrium texture. It has a form of a static
sine-Gordon equation for the angle α. We discuss pos-
sible topological defects in this texture: d-solitons, half-
and one-quantum vortices. Characteristic length scale
of the texture strongly depends on the angle µ between
the magnetic field and aerogel strands. By rotating the
magnetic field one can vary it from a ξD ≈ 20 µm to
infinity.
Numerical simulations of various textures with half-
quantum vortices are done. It is shown how interaction
between vortices can change the NMR frequency.
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